Abstract-The mean-reverting constant elasticity of variance (CEV) process with regime switching is one of the most successful continuous-time models of the short term rate, volatility, and other financial quantities. However, most SDEs with Markovian switching do not have explicit solutions. This paper obtains the Euler-Maruyama approximate solution for mean-reverting Regime Switching CEV processes and provides a detailed proof of the convergence of the EM approximate solution to the exact solution.
INTRODUCTION
Option pricing is one of the most important research fields in financial economics from both practical and theoretical point of view. The work of Black and Scholes [1] and Merton [2] laid the foundations of the research field and motivated important research in option pricing theory, its mathematical models and its computational techniques. The Black-ScholesMerton formula is one of the important products of economic research of the last century and it has been widely adopted by traders, analysts , investors and other finance researcher.
Despite its popularity, the Black-Scholes-Merton formula is not without flaws. It has been documented in many studies in empirical finance that the Geometric Brownian Motion (GBM) assumed in the Black-Scholes-Merton model does not provide a realistic description for the behavior of asset price dynamics. One of substitutes is the CEV model, which is originally introduced by Cox [3] and Cox and Ross [4] . Many empirical studies have been conducted in the literature to justify the use of the CEV model, for instance, MendozaArriaga and Linetsky [5] , Ruas, Dias and Nunes [6] , Larguinho, Dias and Braumann [7] , Thakoor, Tangman and Bhuruth [8] .
Markovian regime-switching models have drawn a significant amount of attention in recent years due to their ability to include the influence of macroeconomic factors on individual asset price dynamics [9] [10] [11] [12] [13] . There are substantial empirical evidences in support of the existence of regime switching effects on stock market returns and default probabilities. Using the CRSP stock market returns over the period 1929-1989, Schaller and  Norden [14] demonstrate that there is compelling evidence of regime switching in US stock market returns and the evidence for switching is robust to different specifications such as switching in means, switching in variances, and switching in both means and variances. Ang and Timmermann [15] also show that regime-switching models can capture the stylized behavior of many asset returns.
In this paper, we investigate the Euler-Maruyama approximate solution of a stochastic differential equation, where we generalize the mean-reverting CEV process by replacing the constant parameters with the corresponding parameters modulated by a continuous-time, finite-state, Markov chain. This paper obtain the Euler-Maruyama approximate solution for mean-reverting Regime Switching CEV processes and provides a detailed proof of the strong convergence of the EM approximate solution to the exact solution.
This paper is organized as follows. In Section II, we develop a mean-reverting CEV process with regime switching. The Euler-Maruyama approximate solution is provided in Section III. In Section IV, we provide a detailed proof of the strong convergence of the EM approximate solution to the exact solution. Conclusion is given in Section V.
II.
MEAN-REVERTING REGIME SWITCHING CEV PROCESS We let 
Assume that the Markov chain ( ) X t at any time 0 t > is in a regime i Î Á . Then after a period of time t D , the Markov chain t t Y +D may stay in regime i with probability
, or jump to any other regime j Î Á with probability
where the one-step transition probabilities ( )
of the Markov chain ( ) X t are given by
Let ( ) W t be a standard Brownian motion defined on the probability space
, . We consider the following regime-switching mean-reverting CEV process
with initial values 0 [10] discuss its analytical properties when 
and thus there exists a unique local solution to equation (1) . The following theorem reveals the existence of the positive solution. 
B. Lemma 2

For any given initial value
III. THE EULER-MARUYAMA APPROXIMATE SOLUTION
To define the Euler-Maruyama approximate solution, we will need the following lemma.
C. Lemma 3.
Given a step size
 . Then k x is a discrete-time Markov chain with the onestep transition probability matrix 
where
and define the continuous EM approximate solution by 
IV. CONVERGENCE OF THE EM APPROXIMATE SOLUTION
The following theorem describes the convergence in probability of the EM solution to the exact solution under the local Lipschitz condition.
A. Theorem 1
For ( ) Y t in (1) and ( ) y t in (5), 
B. Proof.
We divide the whole proof into three steps.
C. Step 1
For sufficiently large R , define the similar stopping time
Applying the generalized Ito formula to a
Using the Gronwall inequality, we obtain
We can derive that
Step 2 For sufficiently large R , define the similar stopping time
Using (5) and applying the generalized Ito's formula to By condition (iii) we have 
Similarly, we can get 
C R E y s y s ds
We can show, in the same way as above, that
(max( ) ( )).
We can similarly estimate the other terms on the right-hand side of (7) to get that This proves the assertion (5).
V. CONCLUSION
In this paper we obtain the Euler-Maruyama approximate solution for mean-reverting Regime Switching CEV processes and provides a detailed proof of the strong convergence of the EM approximate solution to the exact solution.
